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REAL HYPERSURFACES IN COMPLEX TWO-PLANE 
GRASSMANNIANS WITH RECURRENT RICCI TENSOR 

YOUNG JIN SUH, DOO HYUN HWANG, AND CHANGHWA WOO 


Abstract. In this paper, we have introduced a new notion of generalized 
Tanaka-Webster Reeb recurrent Ricci tensor in complex two-plane Grassman- 
nians Next, we give a non-existence property for real hypersurfaces 

M in G 2 (C™'+^) with such a condition. 


Introduction 

The complex two-plane Grassmannians G2(C™'''^) is a kind of Hermitian sym¬ 
metry spaces of compact irreducible type with rank 2. It consists of all complex 
two-dimensional linear subspaces in . Remarkably, it is equipped with both a 
Kahler structure J and a quaternionic Kahler structure 3 (not containing J) sat¬ 
isfying JJjy = J^J [v = 1,2,3), where {Jv}v=i, 2 ,?, is an orthonormal basis of (J. 
When m = 1, G2(C^) is isometric to the two-dimensional complex projective space 
CP^ with constant holomorphic sectional curvature eight. When m = 2, we note 
that the isomorphism Spin(6) ~ SU(4) yields an isometry between G2(C^) and the 
real Grassmann manifold Gj(M®) of oriented two-dimensional linear subspaces in 
R®. In this paper, we assume m > 3 (see Berndt and Suh [2] and 0 ). 

Let M be a real hypersurface of G2(C"* *+^), that is, a submanifold of G2(C"*+^) 
with real codimension one and TpM stands for the tangent space of M at p G M. 
The induced Riemannian metric on M will also be denoted by g, and V denotes 
the Riemannian connection of {M,g). Let iV be a local unit normal vector field 
of M and A the shape operator of M with respect to N. By the formulas in m 
Section 2], it can be easily seen that ^ is Hopf if and only if M is Hopf. From the 
quaternionic Kahler structure J of G2(C”^“'"^), there naturally exist almost contact 
3-structure vector fields defined by = —J^N, v = 1,2,3. Next, let us denote 
by = Span{ ^1, ^2j ^3} a 3-dimensional distribution in a tangent space TpM at 
p G M, where Q stands for the orthogonal complement of in TpM. Thus the 
tangent space of M at p S M consists of the direct sum of Q and Q^, that is, 
TpM = Q 0 Q-L. (see [2] and [15]). 

By using the result of Alekseevskii [I] , Berndt and Suh [2] have classified all real 
hypersurfaces with these invariant properties in G2(C’”“''^) as follows: 
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Theorem A. Let M be a real hypersurface in m > 3. Then both [^] 

and are invariant under the shape operator of M if and only if 

(A) M is an open part of a tube around a totally geodesic G 2 (C™+^) in G 2 (C'"“''^), 
or 

(B) m is even, say m = 2n, and M is an open part of a tube around a totally 
geodesic HP" in G 2 (C"^“''^). 

In the case of {A) (resp., (P)), we say that M is of Type (A) (resp., Type (P)). 
Furthermore, the real hypersurface M is said to be Hopfii A[^] C [^], or equivalently, 
the Reeb vector field f is principal with principal curvature a = giAf,,f^). In this 
case, the principal curvature a = g{Af,f,) is said to be a Reeb curvature of M. 

By using Theorem A, many geometers have given some characterizations for Hopf 
hypersurfaces in G 2 (C™+^) with geometrical quantities; shape operator, normal (or 
structure) Jacobi operator, Ricci tensor, and so on. The Ricci tensor P of M in 
G 2 (C™+^) is given by 

g{SX,Y)=Y,. , g{R{e^,X)Y,e,), 

where {ei, •••, 64 ^- 1 } denotes a basis of the tangent space TpM of M, p€M, in 
G 2 (C™+ 2 ) (see [23]). 

Now we define the notion of recurrent, which is weaker than the usual parallelism. 
The notion of recurrent for a (1,1) type tensor field T has a close relation to 
holonomy group. For a 1-form w on M is defined by VT = T (see [l0]l. 

Let us consider a notion of recurrent (resp., Reeb recurrent) Ricci tensor S for 
a real hypersurface M in G 2 (C'"+^) defined by 

(C-1) VxS = uj{X)S 

for any X in TM. 

Motivated by such a notion, we want to introduce another new notion of Reeb 
recurrent Ricci tensor. It is weaker than usual parallel Ricci tensor and is defined 

by 

(C-2) = w(e)P. 

Now we say that if P satisfies the condition (IC-21) . it is a proper Reeb recurrent if 
a;(^) is non-vanishing, i.e., a;(^) ^ 0. Then (IC-ip (resp., (IC-21) 1 means [VjcP, P] = 
a;(A)[P, P] = 0 (resp., [VjP, P] = 0) for any tangent vector field X defined on M 
(see [21]). Its geometrical meaning is that the eigenspaces of the Ricci operator P of 
M are parallel along any curve 7 (resp., Reeb flow). Here, the eigenspaces are said 
to be parallel if they are invariant with respect to any parallel translations along 
7 (resp., Reeb flow) (for detailed examples, see [26], [27], [H]). There are many 
examples of Recurrent Ricci tensor in pseudo-Riemannian manifolds [23 Example 
4, p. 13]. 

In this paper, we give a complete classification of real hypersurfaces M in 
G 2 (C™“''^) with recurrent (resp., Reeb recurrent) Ricci tensor as follows: 

Theorem 1. There do not exist any Hopf hypersurf aces in G 2 (C'"“'"^), to > 3, with 
proper Reeb recurrent Ricci tensor if the Reeb curvature is non-vanishing. 
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Remark 1. When a;(^) = 0, the Reeh recurrent Ricci tensor is equivalent to Reeb 
parallel Ricci tensor, so by using the result of [25). M is locally congruent to one of 
the following: 

(i) a tube over a totally geodesic in with radius r 


or 


(ii) a tube over a totally geodesic quaternionic projective space HP", m = 2n, in 
G 2 (C’"“''^) with radius r such that cot^(2r) = 

Tf'cot r and Tts,n r • 


and f^-parallel eigenspaces 


On the other hand, if we use the result in [24], we can assert another non¬ 
existence property for real hypersurfaces in G 2 (C'"'''^) with Recurrent Ricci tensor 
as follows: 

Corollary 1. There do not exist any Hopf hypersurfaces in G 2 (C’"“'"^), m > 3, 
with recurrent Ricci tensor. 


Next, we consider a new connection which is different from the usual Levi-Civita 
connection, so called, the generalized Tanaka-Webster (in short, GTW) connection. 
Even though this connection does not satisfies torsion free condition, it is deeply 
related to the contact structure (see [6], |7]). 

Let us consider a notion of the GTW recurrent Ricci tensor S for a real hyper¬ 
surface M in G 2 (C'"“''^) defined by 

(G-3) VPs = uj{X)S 

for any X in TM, where uj denotes a 1-form defined on M. 

Similarly, we may also define GTW Reeb parallel Ricci tensor as follows 


(G-4) xf'>S = uj{OS. 

We say that the condition (IC-41) is said to be a proper GTW Reeh recurrent if the 
1-form a;(^) is non-vanishing, i.e., a;(^) ^ 0. We can classify real hypersurfaces M 
in G 2 (C'"“''^) with GTW Reeb recurrent Ricci tensor as follows: 

Theorem 2. There do not exist any Hopf hypersurfaces in G 2 (C'"“'"^), to > 3, 
(a ^ 2k) with proper GTW Reeb recurrent Ricci tensor. 


Remark 2. When U!{^) identically vanishes, that is, = 0, then the GTW Reeh 
recurrent Ricci tensor is equivalent to GTW Reeb parallel Ricci tensor; therefore, 
by using the result of M is locally congruent to one of the following: 

(i) a tube over a totally geodesic G 2 (C'"“''^) in G 2 (C'"“''^) with radius r such that 

or 

(ii) a tube over a totally geodesic HP", to = 2n, in G 2 (C'"+^) with radius r such 

t/iat r = icot-1(4(2^)• 

Using the result in [20], we can assert another non-existence property for real 
hypersurfaces M in G 2 (C’"''‘^) as follows: 

Corollary 2. There do not exist any Hopf hypersurfaces in G 2 (C"‘“''^), to > 3, 
(a 2k) with GTW recurrent Ricci tensor. 
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In Sections HIE] complete proofs of Theorem 1 and Corollary 1 will be given 
respectively. In Sections [3| and H] the proofs of Theorem 2 and Corollary 2 will be 
given. Main references for Riemannian geometric structures of to > 3 

will be explained in detail (see [1], [2], [3], and [H]). 


1. The proper Reeb recurrent Ricci tensor 

From now on, let M represent a real hypersurface in to > 3, and 

S denote the Ricci tensor of M. Hereafter, unless otherwise stated, we consider 
that X and Y are any tangent vector fields on M and N denotes the normal vector 
field of M. uj stands for any 1-form on M. For the Kahler structure J and the 
quaternionic Kahler structure 3 = span{ J;y}y=i_ 2 , 3 , we may put 

JX = (j)X + r]{X)N, J^X = (t>^X + r]^{X)N 


where (resp., (f)vX) is the tangential part of JX (resp., J^X) and r]{X) = 
g{X,^) (resp., r]^{X) = g{X,^y)) is the coefficient of normal part of JX (resp., 
J^X). In this case, we call (j) the structure tensor field of M. In [T^], the Ricci 
tensor S' of a real hypersurface M in G 2 (C™“''^), to > 3, is given by 


4m —1 

SX= RiX,e,)e, 

(1.1) = {Am + l)X-?,'q{X)£^ + hAX - A^X 

3 

i/=i 

where h denotes the trace of the shape operator A, that is, h = Ty A. 

In |15j . the covariant derivative of S is given by 

(VxS)y = -3g{MX,Y)^ - 3giY)(j)AX 

3 

- 3 ^ {g{(l^uAX, Y)^, + i^,{Y)(j,,AX} 

3 

( 1 . 2 ) + ^ ^2g{(j)AX, iu)(j)v(j)Y Y g{AX, (t>^(t)Y)(t)^^ 

- v{Y) 9 {XX, iv)(t>vS, + r]„{(j)Y)g{AX, - r]^{(l)Y)(j)^(j)AX 

- viY)9{MX,^,.)^i, - ri(Y)g{<p^AX,^)^^'^ 

+ {Xh)AY + h{VxA)Y - {XxA)AY - A{XxA)Y. 


Thus, {VxS)Y = oj{X)SY is embodied as follows: 
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- ‘^g{(t)AX, Y)^ - 3r]{Y)(l)AX 

3 

- 3 ^ {g{cl^.AX, + vAY)cj),AX} 

3 

+ Y ^v)(t)u4>Y + g{AX, 

y^l 

- g{Y)g{AX, ^v)(i)v^ + g^{4’Y)g{AX, - rj^{(j)Y)(l)v(j)AX 

- v{Y)gi(l>AX,^^)^^ - g{Y)g{(l)^AX,^)^^'^ 


+ {Xh)AY + h{XxA)Y - {XxA)AY - A{XxA)Y 
= uj{X) [(4m + 1)Y - 3g(Y)^ + hAY - A^Y 

3 

+ X! { “ + g^[i)(j)v(j)Y - g„i(l)Y)(j)^^ - v{Y)g^{^)^^} . 

V = 1 

As a special case, we may consider Reeb directional derivative of the Ricci tensor. 
If the Ricci tensor of a real hypersurface M in 6*2 (0™+^) is Reeb recurrent, then 
it is defined by 

(C-2) (V^S')r = uji^SY. 

Under the condition of being Hopf, (IC-21) is specified: 

3 

— 3a E 

y^l 

3 

+ a E (l)u4'Y)(l}u^ - v(Y)g^{^)(j)^^ + 

y—1 

+ {Xh)AY + h{X^A)Y - {V^A)AY - A{V^A)Y 
= a;(0 [(4m + 7)Y - 3g{Y)^ + hAY - A^Y 

3 

+ E { “ ^V<^(Y)^^ + g^{^)(j)^(j)Y - g{(j)^Y)(j)^^ - viY)g^{^)^^} . 

First of all, by using above assumption, we shall show that the Reeb vector field ^ 
belongs to either the distribution Q or the distribution such that T^M = Q(BQ^ 
for any point x G M. 


Lemma 1.1. Let M be a Hopf hyper surf ace in 6*2 (C’”’*'^), m > 3. If M has Reeb 
recurrent Ricci tensor, then the Reeb vector field ^ belongs to either the distribution 
Q or the distribution . 


Proof. To show this fact, we consider that the Reeb vector field ^ satisfies 
n ^ = giXo)Xo + v{fi)fi 
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for some unit vectors Xq G Q and S Q^. Putting F = ^ in (ll.4p . by Q and 
using basic formulas in [121 Section 2], it follows that 

- 4ar7i (O'/'i? + + 2a{^a)^ 

= {(4w + 4: + ha + a'^)^ - Atji (^)^i}, 

where we have used = (^a)^ and = a{^a)^. 

Taking the inner product of m with we have 

( 1 . 6 ) -4amiOv'^{Xo)=0. 

From this, we have the following three cases. 

Case 1: a = 0. 

By the equation Ya = {^a)ri{Y) — 4J2^^^r]^{^)ri„{(j)Y) in [31 Lemma 1], we obtain 
easily that ^ belongs to either Q or (see m)- 
Case 2 : vi^i) = 0. 

By the notation Q related to the Reeb vector field, we see that ^ belongs to the 
distribution Q. 

Case 3 : Tji^o) = 0- 

This case implies that ^ belongs to the distribution . 

Accordingly, summing up these cases, the proof is completed. □ 

Lemma 1.2. Let M be a Hopf hypersurfaee in G 2 (C'"“''^). If the Reeb vector field 
f belongs to , then the Ricei tensor S and the shape operator A eommutes with 
each other, that is, SA = AS. 

(see [TTl Lemma 1.2].) 

Lemma 1.3. Let M be a Hopf hypersurface in G 2 (C’”“''^), m > 3, with non¬ 
vanishing Reeb curvature (i.e., a ^ OJ. When the Reeb vector field f belongs to 
Q^, if M has Reeb recurrent Ricci tensor, that is, iX^S)X = uj(f)SX, then M 
must have commuting Ricci tensor Sp = pS. 

Proof. From the Codazzi equation in [2] and by differentiating = af,, we obtain 

(1.7) (VjA)^ = {Xa)f + apAX - A^AX + px + cfiX + 2p3{X)f2 - ‘2m{X)f,3. 

m Lemma A, (3.3)] is essential equation for proving this lemma: 

(1.8) 

3 

aA<pX + apAX - 2A(j)AX + 2(j)X = 2 ^ | - r]u{X)(j)i,, - r]u{(t>X)^,, 

- 'nv{C)(t>uX + 2r]{X)r],,{f)(j)^,, + 2?7^((/)A)r7j,(^)^|. 

Using (11.711 and (II.8p . we get (V{A)A = ^pAX — jApX + {^a)ri{X)^, which 
changes (|C-2ll into 

mAX + ^{4>AX - APX) - ^(PA^X - A^PX) + (h - 2a)i^a)r,{X)^ 

= uj{0SX. 

Here replacing X by pX in (11.11) (resp., applying </> to (11.11) ). we have 
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I S<f)X = (4m + 7)(PX - (t>iX + 2r;2(X)6 - 2r?3(^)6 + hA(t>X - A^(j)X, 
\ (j)SX = (4m + 1)4>X - (t)iX + 2r]2(X)^3 - 2r]3(X)^2 + h(j)AX - (j)A^X. 
Combining equations in p.lO|l . we obtain 


(1.11) S(I)X - (j)SX = hA4>X - A^(j>X - h4>AX + 4>A^X. 


Using (fuTTI) , (dH) becomes 


(1.12) (£,h)AX + |((()S'X - S(t)X) + (h- 2a)(^a)r](X)^ = uj(^)SX. 

Substituting X to AX into (11.121) and applying A to (11.121) . we have 

f (^h)A^X + ^((l)S - S(j))AX + a(h - 2a)(^a)r](X)^ = uj(OSAX, 

[ (ih)A^X + -A((I)S - S(j))X + a(h - 2a)(Ca)'q(X)^ = uj(OASX. 

By combining equations in (11.131) and using Lemma 11.21 we get 

(1.14) (ct>S - S(I))A = A((t>S - Scj)). 

If the Reeb vector field ^ belongs to and A^ = on M, A(4>S — Scj)) = 
((j)S — S(j))A is equivalent to S(j) = (pS on M (see [171 Lemma 1.5]). 

□ 


Summing up above lemmas [L2l 11.31 [23l Theorem 1.1], |3l Theorem] and jH 
Theorem], we conclude that if M is a Hopf hypersurface in G' 2 (C™“''^) on which 
holds (IC-21) . then M satisfies the condition of being a model space of Type (A) 
(shortly, M^). 

From this together with Theorem A in the introduction we know that any real 
hypersurface in G 2 (C'"“''^) with Reeb recurrent Ricci tensor and ^ G is congru¬ 
ent to a tube over a totally geodesic G 2 (C™+^) in G 2 (C™+^). Now let us check if 
real hypersurfaces Ma satisfy the condition of Reeb recurrent Ricci tensor. 

By virtue of [5^, we have 

Remark 1.4. If a;(^) = 0, the Ricci tensor S of real hypersurfaces Ma in G 2 (C'"“''^) 
satisfies the Reeb parallel condition. 


So we may consider only a;(^) ^ 0. We assume that Ma satisfies (IC-21) . 

By the equation of Codazzi [2] and (SJ Proposition 3] we obtain X G T^Ma = 
© r,9 © Ta 0 


(1.15) 

and 


(XiS)X = -h(V^A)X + (X^A)AX + A(V^A)X 


(X^A)X = ^<PAX - ^A<PX + (^a)p(X)^ 
if X G T«, 

if X eTp = span{^^l£ = 2,3}, 
if X G Ta, 


if X G T, 


M- 


(1.16) 
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From these two equations, it follows that 


(1.17) 


iV^S)X = 


0 if X = ^ G r„, 

0 a X = ^ieTp = span{^^| £ = 1,2, 3}, 
0 if X G Tx, 

0 if X G T^. 


Consider 


(1.18) SX = 


(4m + ha — a^)^ 

(4m + 6 + h/3 — 

(4m + 6 + hX — X'^)X 
(4m + 8)X 


if X = e G T„, 
if X = ii€Tp 
if X G Tx, 
if X G T^. 


Span{^^|£= 1,2,3}, 


If we consider a non-zero tangent vector field X G T^, then we get a;(^)(4m-|-8)X = 
0, which means w(^) = 0. This is a contradiction. 


Remark 1.5. If a;(^) ^ 0, the Ricci tensor S of real hypersurfaces Ma in G 2 (C"*+^) 
does not satisfy the Reeh recurrent condition. 


Summing up all cases mentioned above, we can assert that if a;(^) = 0, then S of 
real hypersurfaces Ma in G 2 (C'"'''^) satisfies the Reeb recurrent condition. 

For ^ G Q, by [HI Main Theorem], we know g(AQ, Q^) = 0. 

We know that a Hopf hypersurface M in G 2 (C'"“''^) with Reeb recurrent Ricci 
tensor and ^ G Q is a real hypersurface of type (B) (denoted by Mb) in G 2 (C™+^), 
that is, a tube over a totally geodesic HP". We will check if such a tube satisfies 
the notion of Reeb recurrent Ricci tensor. We assume that Mb satisfies (IC-2p . 


In order to do this, let us calculate the fundamental equation related to the 
covariant derivative of S of Mb along the direction of On T^Mb, x G Mb, since 
^ G Q and h = Tr(A) = a + (4n — l)/3 is a constant, equation (IC-21) is reduced to 

3 

(VcS')X = -4a - ?7^(X)0^^| 

- h{X^A)X + (V5^)ylX -k ^(V5>1)W 

Moreover, by the equation of Codazzi [5] and [H Proposition 2], we obtain that for 
any X G T,Mb = Tc 0 ?> © Tly © Ta © 


( 1 . 20 ) 


3 

(V^^)^ = a^AX - Act>AX + </.X - ^ 

V=1 


0 


= 


af54>£,i 

-4ii 

{aX + 2)(j)X 
{ag, + 2)(j)X 


if X G Ta 
if X€Tp = 
if X eTj = 
if XgTx 
if X G T^. 


Span{^f|£ = 1,2,3} 
Span{(^^^| £= 1,2, 3} 
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Combining (11.191) and (ll.20p . it follows that 


( 1 . 21 ) 


{yiS)X = < 


0 

a(4 - hp + 

4(a + h- I3)^e 
(h — /3)(—aA — 2)(j)X 
(h — /3)(—a/i — 2)ij)X 


if X = e e Ta 

if X = ^iGTp 
a X = (j)^i e 
if X&Tx 
if X e T^. 


From CH) and [H Proposition 2], we obtain the following 


( 1 . 22 ) 


SX = 


(4m + 4 + ha — 

(4m + 4 + h/3 — /3^)^f 
(4m + 8 ) (/>^£ 

(4m + 7 + hA — X‘^)X 
(4m + 7 + hfi — fJ.‘^)X 


if X = ^€To, 
if X = ^t€Tp 
if X = G 
if X G Ta 
if X G T^. 


For the case X = ^ in (IC-2F we have 0 = w(^)(—8n + 8)^ which means w(^) = 0. 
For X G T-y and X G T^j, we have h = fi — a and h = (3 must be hold. However, 
this derives a = 0 which gives a contradiction. 


Remark 1.6. The Ricci tensor S of real hypersurfaces of Type (B) in G 2 (C'"“'"^) 
does not satisfy the recurrent condition (|C-2(1 . 


Hence summing up these considerations, we give a complete proof of our Theo¬ 
rem 1 in the introduction. 


2. The recurrent Ricci tensor 


Let us assume that the Ricci tensor of a Hopf hypersurface M in G 2 (C™“''^) is 
recurrent. It is given by 

(2.1) (VxS)Y = uj(X)SY 

In this section, we prove Cororally 2, given in the introduction. By virtue of 
lemma 11.11 we know that if M has recurrent Ricci tensor, then the Reeb vector 
field ^ belongs to either Q or Q^. 

Next let us consider the case, ^ G Q^. Accordingly, we may put ^ = ^i. 

Lemma 2.1. Let M be a Hopf hyper surf ace in G 2 (C™“'"^), m > 3 with vanishing 
Reeb curvature, that is, a = 0. If the Reeb vector field ^ belongs to Q-^ and M has 
recurrent Ricci tensor, then the shape operator A and the structure tensor field (j) 
commutes with each other i.e., Acf = cfA. 


Proof. Putting Y = ^ into equation (131) and using (HH), we have 

(2.2) -ecfAX phAcfAX pA'^cfAX = 4muj(X)^. 

Taking the inner product of (12.211 with we have a;(X) = 0. 
Thus, (j2.2|) becomes 

(2.3) -6(fAX+ hA(fAX+ A^(fAX = 0. 

Given that ^ = ^i, dn becomes 
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(2.4) Ac^AX = (t)X + ^iX - 27J2{X)^3 + 2773 (^) 6 - 
Applying A to (I2.4L and using (11.111) . we have 

(2.5) A^(l)AX = 2A(j)X. 

Thus, we have 

(2.6) - 6(j)AX + hA(j)AX + 2A(j)X = 0. 

Taking the symmetric part of (1^ . we have 

(2.7) QAcjiX - hA(t)AX - 2(j)AX = 0. 

Combining (12.61) and (12.71) . we have A(j) = 4>A. 

□ 

Summing up lemmas 11.2111.3112.11 [31 Theorem] and (3] Theorem 2], we know 
that any connected Hopf hypersurface in G 2 (C'"“''^) with recurrent Ricci tensor is 
locally congruent to a real hypersurface Ma if the Reeb vector field ^ belongs to the 
distribution . Now we check the converse problem: whether a Hopf hypersurface 
Ma satishes the given condition (ED or not. So we assmue that Ma satishes ED- 
Putting Y = ^ into ED, we obtain 

(2.8) — 6(I)AX + {h — a)acj)AX + hA(j>AX + A?(j>AX = a;(Ar)(4m + ha — a^)^. 
Taking X G Tx, we have 

(2.9) A{ — 6 + (h — a)a + hX + X^}(j)X = uj{X){Am + ha — a^)^, 

where we have used 4>Tx C Tx in Type A. 

Thus A{ — 6 + {h — a)a + hX + X^}(j>X and Lo{X){Am + ha — a^)^ should vanish 
respectively. Using A ^ 0 from [^ Proposition 3], as cannot be vanishing, we 
have 

(2.10) -6 + a{h-a) + hX + X'^ = 0. 

Taking X GTp, (12. 8|) becomes 

(2.11) /3{ — 6 + (h — a)aP + h/3 + P^}4>X = u}{X){4m + ha — a^)^ 

where we have used (j)Tp C Tp in Type A. 

Thus /3{ — 6 + (h — a)a + h/3 + l3'^^(j)X and u}{X){4m + ha — a^)^ should be 
vanishing respectively. Using /3 ^ 0 from [31 Proposition 3], as (pX cannot be 
vanishing, we also have 


( 2 . 12 ) -& + a{h-a) + hP + l3^ =0. 

Using /3 — A 7 ^ 0 and combining (]2.10p and (I2.12p . we have 


(2.13) 


h + A + /3 = 0. 
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Combining (|2.10|1 and (I2.13p . and applying 

q; = \/8 cot(\/8r), /3 = \/2cot(-\/2r), A = — tan(-\/2r), ^ = 0 

with some r £ (0,7r/-\/8) (see [H Proposition 2]). 

We have 

(2.14) 0 = —6 + a{h — a) + hA + = 4 + 2{ tan(\/2r) — cot(-\/2r)}^ + > 0. 

This gives a contradiction. 

Remark 2.2. The Ricci tensor S of real hypersurfaces Ma in G 2 (C"*“''^) does not 
satisfy the recurrent condition. 

For ^ £ Q, by [TTl Main Theorem], we know g{AQ, Q^) = 0. By virtue of 
Remark [L6l Hopf hypersurface Mb does not satisfy the given condition. 


3. The GTW Reeb recurrent Ricci tensor 

In this section, we prove our Theorem 2, given in the introduction. Related to 
Levi-Civita connection V, the generalized Tanaka-Webster connection (from now 
on, GTW connection) for contact metric manifolds was introduced by Tanno |29j 
as a generalization of the connection defined by Tanaka in |28| and, independently, 
by Webster in m- The Tanaka-Webster connection is defined as a canonical affine 
connection on a non-degenerate, pseudo-Hermitian CR-manifold. A real hypersur¬ 
face M in a Kahler manifold has an (integrable) CR-structure associated with the 
almost contact structure (</), rj, g) induced on M by the Kahler structure; how¬ 
ever, in general, this CR-structure is not guaranteed to be pseudo-Hermitian. Cho 
defined GTW connection for a real hypersurface of a Kahler manifold by 

= VxY + fPy, 

where constant k £ R\{0} and = g{(j)AX,Y)^ — r]{Y)(f>AX — kg{X)(j)Y. F^'^ 

is a skew-symmetric (1,1) type tensor, that is, g{Fx'^Y, Z) = —g(Y,F^'^Z) for any 
tangent vector fields X, Y, and Z on M, and is said to be Tanaka- Webster (or k- 
th-Cho) operator with respect to X. In particular, if the real hypersurface satisfies 
A(j)-\-(j)A = 2k(j), then the GTW connection coincides with the Tanaka-Webster 
connection (see [5], [7], [H])- 

The Ricci tensor S is said to be generalized Tanaka-Webster parallel (in short, 
GTW parallel) if the covariant derivative in GTW connection of S along any 
X vanishes, that is, if (V^^S')y = 0. 

From the definition of and (V^^iS')K, we have 

, {XPS)Y = iVxS)Y + F^iSY) - SF^Y 

= u{X)SY. 


The condition (13.11) is specified as follow: 
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{VPS)Y =iVxS)Y 

+ g{MX, SY)^ - giSY)MX - kg{X)ct>SY 
- g{(t>AX,Y)S^ + g{Y)S(t)AX + kg{X)S(j)Y 
= uj{X)SY. 

The Ricci tensor S is said to be GTW Reeh parallel if the covariant derivative in 
GTW connection of S along the Reeb direction vanishes, that is, if (V^*^S')y = 
0. Furthermore, GTW Reeb recurrent Ricci tensor is given by 

(G-4) v[''^S' = w(05'. 

Lemma 3.1. Let M be a Hopf hypersurface in G 2 (C"*+^), m > 3. If M has 
GTW Reeb recurrent Ricci tensor, then the Reeb vector field ^ belongs to either the 
distribution Q or the distribution Q^. 

Proof. We write 

n f = giXo)Xo + v{fi)fi 

for some unit vectors Xq G Q and S Q^. 

Putting Y = f into (IG-41) and applying (f to (IC-41) . we have 

(3.3) -4(a + k)r]i{^){fi + = -4w(^)r7i(5)<))^i. 

Taking an inner product with Xq, we have 

(3.4) -4:{a + k)r]l{^)g{Xo)=0. 

From this, we have the following three cases. 

Case 1: a = —k. 

By the equation Ya = {^a)i]{Y) — in [U Lemma 1], we obtain 

easily that f belongs to either Q or Q-'- (see US]). 

Case 2 : ??(Ci) = 0. 

By the notation Q related to the Reeb vector field, we see that f belongs to the 
distribution Q. 

Case 3 : viXo) = 0. 

This case implies that ^ belongs to the distribution Q^. 

Accordingly, summing up these cases, it completes the proof of our Lemma. □ 

As we know, 

(3.5) {xf'>S)Y={V^S)Y + k{S(j)-(l)S)Y 

Next let us consider the case, ^ S Q^. Accordingly, we may put ^ = ^i. 

Lemma 3.2. Let M be a Hopf hyper surf ace in 02(0™+^), m> 3. When the Reeb 
vector field f belongs to the distribution , if M has the GTW Reeb recurrent 
Ricci tensor, that is, (V^^^S')A = oj{£f)SX {a 2k), then S(j) = (fS. 
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Proof. Using (|1.10|1 and (I1.12L then (13.ip becomes 

(3.6) {^h)AX + (| - k){(t>SX - ScfX) + {h- 2a){£,a)r]{X)i = w{f)SX. 

Substituting X to AX into (I3.6p and applying A to (13.611 and combining them, 
we have (ifS — Sf>)A = A(ifS — Scjf). By [T71 Lemma 1.5], we have Sf) = 4>S. 

□ 


Summing up these discussions, we conclude that if a Hopf hypersurface M 
in complex two-plane Grassmannians TO > 3, satisfying (V^^S')y = 

uj{X)SY then M is of Type (A). Hereafter, let us check whether S' of a model 
space of Ma satisfies the Reeb parallelism with respect to by [H Proposi¬ 
tion 3] (see [H]). From these two equations, it follows that 

{ 0 if X = 5 G r« 

0 if X = G r,3 = Span{^£| £=1,2,3} 

0 if X G Ta 
0 if X G T^. 

Consider (11.1911 and X = ^ G T^; thus, S^ = (4 to + ha — Thus, uj{^) = 0. 
Summing up all cases mentioned above, we can assert that if a;(^) = 0, then S of 
Ma in G 2 (C'"'''^) is GTW Reeb parallel. 

Remark 3.3. The Ricci tensor S of real hypersurfaces Ma in G 2 (C™“''^) satisfies 
the GTW Reeb parallel condition if u}{^) = 0. 


For ^ G Q, by [Ill Main Theorem], we know g{AQ, Q-^) = 0. 

Now let us consider our problem for a model space Mb- In order to do this, let 
us calculate the fundamental equation related to the covariant derivative of S of 
Mb along the direction of ^ in GTW connection. On T^Mb, x G Mb, since ^ G Q 
and h = Tr(H) = a -I- (4n — l)/3 is a constant, (IC-4p is reduced to 

3 

(vf ^S)X = 4(fc - a) ^ 

- h{X^A)X + {V^A)AX + A{V^A)X 
+ kh(f)AX — kfiA^X — khA(j)X + kA^cfX. 

Moreover, by the equation of Codazzi [2] and [21 Proposition 2] we obtain that for 
any X G T^^Mb 


(V5H)X = a^AX - AcfAX + cfX {r;,(X)<(),^ + 3(7((^,C,X)^,} 


(3.8) 


0 if X G 

al3(j)^i if X G T/3 = Spanj^^l £ = 1, 2,3} 

= -4^(! if X G = Span{().^^| £=1,2,3} 

(aA -t 2)0X if X G Ta 
lan + 2)(l3X ifXGT^. 
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From these two equations, it follows that 


(3.9) 


{vf^S)X = < 


0 

(a - fc)(4 - h/3 + 

{ 4 ( a - fc ) + (/ i -/ 3)(4 + fc ^)}6 
{h — /3){kX — kfi — aX — 2)(j)X 
{h — P)\k^ — kX — a/i — 2)(j)X 


if X = e e 
a X=^i€Tp 

ii x = ci>u e 

if X€Tx 
if X € T^. 


Therefore, we see that Mb has Reeb parallel GTW-Ricci tensor, when a and h 
satisfies the conditions a = k and h — (3 = 0, which means r = ^ i )■ 

Moreover, this radius r satisfies our condition a ^ 2k. Secondly, we check whether 
a model space Mb satisfies the condition of GTW Reeb recurrent Ricci tensor. In 
this case, (1331) becomes 


(3.10) 


3 

- 3(I)AX - ^ g{AX, + {h 


= uj(X)(4m + ha — a^)^. 


a)a(j)AX + hAcfyAX + A^cfyAX 


Taking the inner product with we get (4 to + ha — a'^)uj{X) = 0 which means 


3 

(3.11) -3(I)AX - g{AX, ^y)(j)y£, + {h- a)a(j)AX + hAc^AX + A^cjjAX = 0. 

i/=i 

Remark 3 . 4 . The Ricci tensor S of any real hypersurface Mb in G 2 (C’”“''^) satisfies 
the GTW Reeb parallel condition. 

Gonsider X = G Tp, we get 

(3.12) {-2 + ha-a‘^-h/3)(j3^i=0. 

The coefficient of left term is less than 0, i.e., —2 + ha — a^ — hj3 = —2 — 4(4n — 
2) — (4n — l)/3^ < 0. This means (j)^i = 0 which makes a contradiction. 

Remark 3 . 5 . The Ricci tensor S' of a real hypersurface Mb in G 2 (C™“''^) does not 
satisfy the Proper GTW Reeb recurrent condition. 

4. GTW RECURRENT RiCCI TENSOR 


By virtue of 13.11 if M has the GTW recurrent Ricci tensor (13.21) (a ^ 2k), 
then the Reeb vector field ^ belongs to either Q or . In addition, by virtue of 
lemma if ^ belongs to Q^, we have Scj) = ^S. Now we check the converse 
problem whether a real hypersurface Ma satishes the given condition (13.21) or not. 
Putting Y = ^ into (13.21) . we get 

(4.1) (VxS)e + F^^\S0 - SfP^ = u;{X)St 

Taking the inner product of (14.11) with consider (VjS)^ = 0, F^'^ is skew 
symmetric and = (4m + ha — we have (4m + ha — a‘^)uj{X) = 0, where 
h = a -\- 2/3 -|- (2m — 2)(A H- /i). 
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Am + ha — = Am + 2a/3 + (2m — 2)a\ 

=4{cot^(6») + (m-l)tan2(6l)} 

> 8-v/(m- 1) 

> 0 . 


This gives 

(4.3) uj{X) = 0. 

Putting Y = ^ into m, we have 


(4.4) - 6(I)AX + {h- a)a(l)AX + hA(j)AX + A^cjjAX - acjiAX + S(t>AX = 0, 

where a = 4m + ha — . 

Putting X G T\ into (14.11) . we have 2hX = 0 which means 


(4.5) h = 0. 

Consider Y = gT^ into gSl), by gll) and (1431) . we have 

- Aai^{X)i - 3^iAX + - /3(Vx41)^3 

(4.6) - /3A(Vx4l)6 + (6 - /32 + a^)m{AX)^ 

= 0 . 

Taking the inner product with ^2 of (SH), we have ZPrjz^X) = 0. This means 
3 / 1^3 = 0, and gives a contradiction. Putting Y gT^ into we have 

Remark 4.1. The Ricci tensor S' of a real hypersurface Ma in 6*2 (C’"’*'^) does not 
satisfy the GTW recurrent condition. 

Now we check the converse problem, that is, a real hypersurface Mb satisfies 
the given condition p.2l) or not. Hereafter, let us check whether Mb satisfies the 
condition of GTW recurrent Ricci tensor, 
don becomes 

3 

— 3(j)AX — g{AX, ^v)4>v^ + ih — a)a4>AX + hA(j)AX + A^(j)AX 
= w(X)(4m + ha — a^)^. 

Taking the inner product of (j4.7l) with we get a;(X) = 0, which means 
3 

-3(j)AX - g{AX, +{h- a)a(j)AX + hA(j)AX + A^(j)AX = 0. 

V=1 

Consider X = GTj 3 into above equation, we get 
(4.8) (—2 A-ha — a^ — h/3)(j)^i = 0. 

Since —2 + ha — a^ — hl3 = —2 — 4(4n — 2) — (4u — l)/3^ < 0, (14.81) means = 0. 
This is a contradiction. 
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Remark 4.2. The Ricci tensor S of real hypersurfaces Mb in G 2 (C'^~^'^) does not 
satisfy the GTW recurrent condition. 

Summing up these assertions, we give a complete proof of Cororally 2 in the 
introduction. 
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